To test the quality of a tunnel junction, one sometimes fits the bias-dependent differential conductance to a theoretical model, such as Simmons's formula. Recent experimental work by Åkerman and collaborators, however, has demonstrated that a good fit does not necessarily imply a good junction. Modeling the electrical and thermal properties of a tunnel junction containing a pinhole, we extract an effective barrier height and effective barrier width even when as much as 88% of the current flows through the pinhole short rather than tunneling. A good fit of differential conductance to a tunneling form therefore cannot rule out pinhole defects in normal metal or magnetic tunnel junctions.
I. INTRODUCTION
With recent rapid progress toward incorporating tunnel junctions into practical devices, such as magnetic sensors and magnetic random-access memory ͑MRAM͒, [1] [2] [3] [4] it has become increasingly important to assure junction quality. Pinhole shorts through the insulating layer of a nominal tunnel junction constitute a possible failure mode. As early as the 1960's and 1970's, a set of criteria emerged, attributed to Rowell ͑who also credits Giaever͒, 5 for determining whether a particular device was a good tunnel junction. Only a few apply when neither metal junction superconducts. One is the exponential dependence of the resistance on the thickness of the insulating layer over a series of devices with increasing thickness; however, a simple model shows that classical pinholes can mimic this signature of tunneling. 6 Another, more commonly used, criterion is a non-Ohmic differential conductance. 7, 8 Simmons 9 and Brinkman, Dynes, and Rowell 10 calculated the tunneling current I through idealized junctions as functions of bias V, the height of the energy barrier, and the thickness of the insulator; when differential conductance dI/dV shows positive curvature, can be fit to one of these forms, and yields ''reasonable'' values for the barrier height and thickness, comparable to independent measurements, a good junction is sometimes presumed. Åkerman and collaborators have demonstrated experimentally that this criterion alone cannot establish the quality of a junction. 11, 12 They made a set of junctions with one normal and one superconducting lead. Above the superconductingtransition temperature, all fit the tunneling models well. Below the superconducting transition, in some of the junctions the current was suppressed inside the gap, as would be expected for tunneling from a normal metal through an intact insulator into a superconductor. Other junctions, however, instead showed the enhancement of current inside the gap typical of Andreev reflection, indicating essentially direct superconductor-metal contact. 13, 14 We now demonstrate, in a simple model, how a tunnel junction with a pinhole short might reproduce the nonsuperconducting result, finding that as much as 88% of the current might flow through the short and still leave enough tunneling to give a good fit to the Simmons model.
A sample known to harbor a pinhole may show a differential conductance with either positive or negative curvature, 15 the latter a heating effect: a pinhole will dissipate more heat at greater bias, becoming hotter, and, assuming it acts as a metal, conduct less. By contrast, the conductance of a tunneling channel increases with bias, as carriers see an effectively narrower trapezoidal barrier. 16, 17 The pinhole and the tunneling channels, therefore, have opposite effects on the curvature, the one tending to make the conductance curve down, the other making it curve upward. For parameters based on an experimental geometry, we find that the large positive curvature of a relatively small tunnel current can overwhelm the weakly negative curvature of the conductance through the pinhole short, still yielding an excellent fit to the Simmons form with apparent barrier width and height varying from the true width and height by factors of 2-3.
Although two of the Rowell criteria are found unreliable, the temperature dependence of conductance still appears to distinguish good junctions from shorted ones. 11, 12, 18, 19 Recently, we have proposed an additional test, using only electrical measurements at a single temperature, that may serve both to diagnose the presence of a pinhole and to determine its location.
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II. MODEL AND COMPUTATION
We build a three-dimensional network, each node of which is defined by material, position, thickness, and length. The voltage and temperature at each node are computed iteratively, in turn determining the local electrical resistivity and thermal conductivity. We extract our dimensions from the experimental geometry in Ref. There are several approaches to nonlinear electrothermal modeling. 21, 22 Here, we alternate relaxation methods for the voltage and the temperature at each node. The total electrical current through each node is zero ͑Kirchhoff's law͒, so that for a node A,
where V j is the voltage at node j (ϭA,i) and the sum runs over the nearest neighbors of A. The resistance R Ai between nodes A and i depends on the average of the temperatures T A and T i of the two nodes and, in the case of the tunneling layer, on the voltage difference V A ϪV i through Simmons's formula. 9, 23 Equation ͑1͒ is set as a large sparse matrix and solved with the standard SLATEC package. Similarly, the total heat flux through a node is equal to the heat generated Ohmically:
where K i is the temperature-dependent thermal conductivity corresponding to the material of node i, X Ai is the distance between nodes A and i, and S Ai is the cross-sectional area spanned by the link between the nodes. First, Eq. ͑1͒ is solved; it must be iterated until voltages ͑checked at the pinhole and away from the pinhole͒ converge, since R Ai through the insulating layer depends on the voltage drop. Then the temperature at each node is determined through Eq. ͑2͒, and the procedure is repeated until voltages and temperatures both converge.
III. RESULTS
We consider runs with the bottom layer held at 77 K and with the side of the pinhole ranging from 0.1 to 1.5 nm. For an input voltage of 0.3 V, we find the maximum steady-state temperature at the center of the pinhole for the largest pinhole to be 86 K. This rise of 9 K is comparable to that estimated in Ref. 15 . The temperature rise rapidly falls off away from the pinhole.
As illustrated in Fig. 1 , the differential conductance may show positive or negative curvature, depending on pinhole size; we graph normalized curves for the pinhole side ranging from 0.1 to 1.5 nm, with the separatrix between 1.0 and 1.1 nm. When its curvature is positive, we can fit dI/dV to Simmons's formula to extract an effective barrier thickness and effective height. These effective barrier parameters are shown in Figs. 2 and 3 . Without a pinhole, we recover essentially the input parameters. As the pinhole grows in size, the fits remain quite good ͑Fig. 4͒, but the effective barrier parameters vary: the apparent barrier thickness decreases, while the apparent barrier height increases. The decreasing apparent thickness has the greatest effect on the overall conductance ͑which increases͒, while the increasing apparent height tends mostly to flatten the curve of differential conductance. Such trends are consistent with a simple WentzelKramers-Brillouin treatment of tunneling. 17 We obtain similar results with the bottom layer held at 300 K; the separatrix between positive and negative curvature occurs for a pinhole side between 4.0 and 4.1 nm.
From the above simulations, we obtain the percentage of the total current flowing through the pinhole ͑Fig. 5͒. This percentage will increase with the side of the pinhole; the highest value corresponding to a positive curvature of dI/dV is 88% at 77 K. ͑The highest value is 81% at 300 K.͒ Our simulations support the contention that a good fit of differential conductance to the Simmons form fails, by itself, to verify the quality of a tunnel junction.
